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Abstract 

The theory of spinors is developed for locally anisotropic (la) spaces, in 
brief la-spaces, which in general are modeled as vector bundles provided 



, with nonlinear and distinguished connections and metric structures (such 

la-spaces contain as particular cases the Lagrange, Finsler and, for trivial 
nonlinear connections, Kaluza-Klein spaces). The la-spinor differential 
geometry is constructed. The distinguished spinor connections are stud- 
ied and compared with similar ones on la-spaces. We derive the la-spinor 



expressions of curvatures and torsions and analyze the conditions when 
the distinguished torsion and nonmetricity tensors can be generated from 
distinguished spinor connections. The dynamical equations for gravita- 
tional and matter field la-interactions are formulated. 
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1. Introduction 

Some of approaches to fundamental problems in physics advocate the extension to 
locally anisotropic backgrounds of physical theories [1-5] . In order to construct physical 
models on la-spaces it is necessary a corresponding generalization of the spinor theory. 
Spinor variables and interactions of spinor fields on Finsler spaces were used in a heuris- 
tic manner, for instance, in works [5,6], where the problem of a rigorous definition of 
la-spinors for la-spaces was not considered. Here we note that, in general, the nontriv- 
ial nonlinear connection and torsion structures and possible incompatibility of metric 
and connections makes the solution of the mentioned problem very sophisticate. The 
geometric definition of la-spinors and a detailed study of the relationship between Clif- 
ford, spinor and nonlinear and distinguished connections structures in vector bundles, 
generalized Lagrange and Finsler spaces are presented in [7,8]. 

The purpose of the paper is to continue our investigations [7-10] on formulation of 
the theory of classical and quantum field interactions on la-spaces. We receive primary 
attention to the development of the necessary geometric framework: to propose an 
abstract spinor formalism and formulate the differential geometry of la-spaces (the 
second step after the definition of la-spinors in [7,8]). The next step is the investigation 
of locally anisotropic interactions of fundamental fields on generic la-spaces. 

For our considerations on the la-spinor theory it will be convenient to generalize 
the Penrose and Rindler abstract index formalism [11-13] (see also the Luehr and 
Rosenbaum index free methods [14]) proposed for spinors on locally isotropic spaces. 
We note that in order to formulate the locally anisotropic physics usually we have 
dimensions d > 4 for the fundamental la-space-time. In this case the 2-spinor calculus 
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does not play a preferential role. 

The presentation is divided into six sections. It begins with a necessary reformu- 
lation of the Miron and Ansatesiei [2] geometry of la-spaces in section 2. The spinor 
technique for distinguished vector spaces is developed in section 3. The distinguished 
spinor connections, torsions and curvatures and theirs relations with similar geometric 
objects introduced in the framework of d-tensor formalism are defined and studied in 
details in section 4. In the next section 5 we consider the d-spinor and d-tensor formu- 
lations of the theory of classical field interactions on la-spaces. Outlook and discussion 
are contained in section 6. 



2. Connection and Metric Structures 
in Locally Anisotropic Spaces 

As a preliminary to a discussion of la-spinor formalism we summarize some results 
and methods of the differential geometry of vector bundles provided with nonlinear 
and distinguished connections and metric structures [2] . This section serves the twofold 
purpose of establishing of abstract index denotations and starting the geometric back- 
grounds which are used in the next sections of the paper. 

2.1. Nonlinear connection and distinguishing 
of geometric objects in fibre bundles 
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Let £ = (E,p, M, Gr, F) be a locally trivial vector bundle, v-bundle, where F = lZ m 
(a real vector space of dimension m, dim F = m, 1Z denotes the real number field) 
is the typical fibre, the structural group is chosen to be the group of automor- 
phisms of 1Z m , i.e. Gr = GL (m, 1Z) , and p : E — > M is a differentiate sur- 
jection of a differentiable manifold E (total space, dimi? = n + m) to a differ- 
entiate manifold M (base space, dimM = n) . Local coordinates on £ are denoted 
as -u a = (x\y a ), or in brief u= (x, y) , where boldfaced indices will be consid- 
ered as coordinate ones for which the Einstein summation rule holds (Latin indices 
i,j,k, ... = 1,2, ...,n will parametrize coordinates of geometrical objects with respect 
to a base space M, Latin indices a, b,c, ... =1,2, ...,m will parametrize fibre coordi- 
nates of geometrical objects and Greek indices a, (3, 7, ... are considered as cumula- 
tive ones for coordinates of objects defined on the total space of a v-bundle). We 
shall correspondingly use abstract indices a = (i,a), f3 = (j, 6), 7 = (k,c),... in the 
Penrose manner [11-13] in order to mark geometical objects and theirs (base, fibre)- 
components or, if it will be convenient, we shall consider boldfaced letters (in the main 
for pointing to the operator character of tensors and spinors into consideration) of 
type A =A = ^ h \A^ ,b = (b^ h \b^ , R, u, T, ... for geometrical objects on £ 
and theirs splitting into horizontal (h), or base, and vertical (v), or fibre, components. 
For simplicity, we shall prefer writing out of abstract indices instead of boldface ones 
if this will not give rise to ambiguities. 

Coordinate transforms u a ' = u a ' (u a ) on £ are written as ^x 1 ,y a ^ — > (x 1 ' ,y a '^j , 
where x 1 ' = x 1 ' (x 1 ), y a ' = M a> (x 1 )y a and matrix M a ' (x 1 ) G GL(m,1Z) are func- 
tions of necessary smoothness class. 

A local coordinate parametrization of £ naturally defines a coordinate basis 
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in brief we shall write d a = d a ), and the reciprocal to (2.1) coordinate basis 

du a = (dx\dy a ), (2.2) 
or, in brief, d a = (d\ d a ), which is uniquely defined from the equations 

dPodp = 6%, 

where b% is the Kronecher symbol and by "o" we denote the inner (scalar) product in 
the tangent bundle T£. 

The concept of nonlinear connection, in brief, N-connection, is fundamental in 
the geometry of la-spaces (see a detailed study and basic references in [2]). In a v- 
bundle £ it is defined as a distribution {iV : E u — > H U E,T U E = H U E © V U E} on E 
being a global decomposition, as a Whitney sum, into horizontal, H£, and vertical, 
V£, subbundles of the tangent bundle T£ : 

T£ = H£® VS. (2.3) 

Locally a N-connection in £ is given by its components iVf(u) = iVf(x,y) (in brief we 
shall write Nf{u) = N?(x,y) ) with respect to bases (2.1) and (2.2)): 

N = N?{u)d l ® D a . 

We note that a linear connection in a v-bundle £ can be considered as a particular 
case of a N-connection when N^(x, y) = (x) y b , where functions K b ai (x) on the base 
M are called the Christoffel coefficients. 



To coordinate locally geometric constructions with the global splitting of £ defined 
by a N-connection structure, we have to introduce a locally adapted basis (la-basis, 
la-frame): 

6 f l^ = %- N i(«)d a ,-^), (2-4) 



Su a \Sx i 1 v ' dy a 

or, in brief, S a = (Si, d a ) , and its dual la-basis 

S u a = (Sx l = dx\ 5y a + N°" (u) dx 1 ) , (2.5) 

or, in brief, S a = (d\S a ) . 

The nonholonomic coefficients w = {wp y (it)} of la-frames are defined as 

[S a , 6p] = 8 a 5p - SpSa = (u) S a . (2.6) 

The algebra of tensorial distinguished fields DT (£) (d-fields, d-tensors, d- 
objects) on £ is introduced as the tensor algebra T = {T q p J} of the v-bundle 8(d), 



p d : H£ © V£ — > £. An element t e T^f , d-tensor field of type 
written in local form as 



( \ 

p r 



can be 



* = tiiz.'Z («) s h ® - ® ^ ® a «i ® - ® ^ ® ^ ® - ® ® 561 - ® 

We shall respectively use denotations X (£) (or A" (M)), A p (£) (or A p (M)) and 
J- (£) (or JF (M)) for the module of d- vector fields on £ (or M ), the exterior algebra 
of p- forms on £ (or M) and the set of real functions on £ (or M). 

In general, d-objects on £ are introduced as geometric objects with various group 
and coordinate transforms coordinated with the N-connection structure on £. For ex- 
ample, a d-connection D on £ is defined as a linear connection D on E conserving 
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under a parallelism the global decomposition (2.3) into horizontal and vertical subbun- 
dles of T£ . 

A N-connection in £ induces a corresponding decomposition of d-tensors into sums 
of horizontal and vertical parts, for example, for every d-vector X G X (£) and 1-form 
X G A 1 (£) we have respectively 

X = hX + vX and X = hX + vX . (2.7) 

In consequence, we can associate to every d-covariant derivation D x = X o D two new 
operators of h- and v-covariant derivations defined respectively as 

DfY = D hX Y and D$>Y = D vX Y, WYeX (£) , 

for which the following conditions hold: 

D x Y=D ( x ) Y +D ( ^Y, (2.8) 

Dff = {hX)f and D$>f = {vX)f, X, YeX {£) J G T (M) . 

We define a metric structure G in the total space E of v-bundle £ = (E,p, M) 
over a connected and paracompact base M as a symmetric covariant tensor field of 
type (0,2), G Q/ g 5 being nondegenerate and of constant signature on E. 

Nonlinear connection N and metric G structures on £ are mutually compatible it 
there are satisfied the conditions: 

G (Si, d a ) = 0, or equivalently, G ia (u) - N h t (u) h ab (u) = 0, (2.9) 

where h ab — G (d a , d b ) and G ia = G (di, d a ) , which gives 

(u) = h ab (u) G ia (u) (2.10) 
7 



(the matrix h ab is inverse to h a b)- In consequence one obtains the following decompo- 
sition of metric : 



G(X, Y)= hG(X, Y) + vG(X, Y), 



where the d-tensor hG(X, Y)— G(hX, hY) is of type 



vG(X, Y)= G(vX, vY) is of type 
( 2.11) is written as 



V 02 / 



V 20 / 



(2.11) 

and the d-tensor 



. With respect to la-basis (2.5) the d-metric 



G = g a p (u) 5 a ®8 P = Qij (u) S <g> d j + h ab (u) 5 a ®5 b , 



(2.12) 



where = G (S^Sj) . 



A metric structure of type (2.11) (equivalently, of type (2.12)) or a metric on E 
with components satisfying constraints (2.9), equivalently (2.10)) defines an adapted 
to the given N-connection inner (d-scalar) product on the tangent bundle T£. 

We shall say that a d-connection D x is compatible with the d-scalar product on 
T£ (i.e. is a standard d-connection) if 



D x (X • Y) = (D X Y) Z + Y (D X Z) , VX, Y, Ze X {£) . 



(2.13) 



An arbitrary d-connection D x differs from the standard one D x by an operator 
Px (u) = {X a P2p(u)}, called the deformation d-tensor with respect to D x , which 
is just a d-linear transform of £ u , Wu G £. The explicit form of P x can be found by 
using the corresponding axiom defining linear connections [14] 

(D x - D x ) fZ = f (D x - Dx) Z, 
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written with respect to la-bases (2.4) and (2.5). From the last expression we obtain 

Px (u) = [{D x - D x )5 a (u)} S a (u) , (2.14) 

therefore 

D X Z = D X Z +P X Z. (2.15) 

A d-connection D x is metric (or compatible with metric G) on £ if 

D x G — 0,VXeX (£). (2.16) 

Locally adapted components of a d-connection D a = (5 a ° D) are defined by the 
equations 

D a 6p = r^5 7 , 

from which one immediately follows 

(«) = We) o 8\ (2.17) 

The operations of h- and v-covariant derivations, = {L l j k ,L% k } and = 
{Cj k ,C£ c } (see (2.8)), are introduced as corresponding h- and v-parametrizations of 
(2.17): 

L) k = (D k 5,) o d\ L a bk = (D k d b ) o 5 a (2.18) 

and 

C) c = (DJj) o d\ C a bc = (D c d b ) o 5 a . (2.19) 
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A set of components (2.18) and (2.19), DY = (lS jk , L a hk , Cj c , C b a c ) , completely defines 
the local action of a d-connection D in £.For instance, taken a d-tensor field of type 

, t = t) a b 5i <g> d a d' J <g> 5 b , and a d- vector X = X l 5i + X a d a we have 

I 1 V 

where the h-covariant derivative is written as 

5t ia 

Aa jb , j i ,ha , r a Ac j h Aa j c Aa 

l jb\k — g k "T ^hk l jb "T n ck l jb n jk l hb ~ ^bktjc 

and the v-covariant derivative is written as 

dt ia 

Aa jb , ,ha . /oa jid /'-f/i jia /od j.ia 

r i6±c - Qy C "T ^fcc^ft "T" ^dc^ft jc r W> ^6c c jd- 

For a scalar function f E J 7 (£) we have 

Dk - 5x* - dx k k dy" a c 1 ~ du*' 

We emphasize that the geometry of connections in a v-bundle £ is very reach. If a 
triple of fundamental geometric objects (N? (u) , (it) , G a p (u)^j is fixed on £ , really, 
a multiconnection structure (with corresponding different rules of covariant derivation, 
which are, or not, mutually compatible and with the same, or not, induced d-scalar 
products in T£) is defined on this v-bundle. For instance, we enumerate some of 
connections and covariant derivations which can present interest in investigation of 
locally anisotropic gravitational and matter field interactions: 

1. Every N-connection in £, with coefficients N?(x,y) being differentiable on y- 
variables induces a structure of linear connection ATg 7 , where Nfc = and 
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N£ c (x, y) = 0. For some Y (u) = Y { (u) $ + Y a (u) d a and B (u) = B a (u) d a one 
writes 



D^B 



'dB a 
dx { 



Y l [^— + N^B b + Y b 



dB a 



d 
dy a ' 



2. The d-connection of Berwald type [15] 



r (B)a _ | j 
1 ^ — I Li 



:h ' dy b ' ^ bc 



(2.20) 



where 



L *.jk ( x i y) = o9 



1 ir ( $9jk . Sg kr 5g jk 



+ 



2 \ 5x h 5xi § x r I 



(2.21) 



which is hv-metric, i.e. d[ B ^ = and D^h a b = 0. 



3. The canonical d-connection r( c ) associated to a metric G of type (2.12) T^ a = 
{Lff, 4f , Cjf , c£ )a ) , with coefficients 



Lf = L%,Cif = C% c (see (2.21) 
4? a = Nt + V ( - Nth d , - jv*a 



5x* 



db 



C ' c "2^ 0^ 



(2.22) 



This is a metric d-connection which satisfies conditions 



D { k c) g l3 = 0, D^ 9ij = 0, Di c) /i ab = 0, D^h ab = 0. 
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4. We can consider N-adapted Christoffel d-symbols 

f %f = -G aT (5^G T/ 3 + 8pG T1 — 5G/3 y ) , (2.23) 

which have the components of d-connection f^ 7 = (^L l jk , 0, 0, C£,) , with L % jk and 
C% c as in (2.21) if G a p is taken in the form (2.12). 

Arbitrary linear connections on a v-bundle £ can be also characterized by theirs 
deformation tensors (see (2.15)) with respect, for instance, to d-connection (2.23): 

r (B)a _ ™ j_ p(B)a r (c)a _™ , p(c)« 
1 7 — 1 /3 7 ^0 7 > 1 07 — 1 07 ^0 7 

or, in general, 

1 07 - 1 07 + ^0 7? 

where P^ a , Pj$ a and P^ 7 are respectively the deformation d-tensors of d-connections 
(2.20), (2.22), or of a general one. 



2.2. Torsions and curvatures of nonlinear 
and distinguished connections 

The curvature H of a nonlinear connection N in a v-bundle £ can be defined as 
the Nijenhuis tensor field N v (X, Y) associated to N [2] : 

n = N v = [vX, vY] + v [X, Y] - v [vX, Y] - v [X, vY] , X, Y G X {£) . 

In local form one has 

12 



where 



BN a dN a 

n?- = - -^t + - *?JV5- (2-24) 



The torsion T of a d-connection D in £ is defined by the equation 

T(X,Y) = XY°T =D X Y-D Y X -[X,Y]. (2.25) 

One holds the following h- and v-decompositions 

T (X, Y) = T (hX, hY) + T (hX, vY) + T (vX, hY) + T (vX, vY) . (2.26) 

We consider the projections :hT (X, Y) , vT (hX, hY) , hT (hX, hY) , ... and say that, 
for instance, hT (hX, hY) is the h(hh)-torsion of D , vT (hX, hY) is the v(hh)-torsion 
of D and so on. 

The torsion (2.25) is locally determined by five d-tensor fields, torsions, defined as 

T] k = hT (4, 5j) ■ d\ Tf k = vT (4, S s ) ■ S a , 

P; b = hT(d b ,5,)-d\ P* h = vT (d b , 6j) ■ 5 a , 

SZ c = vT(d c ,d b )-5 a . (2.27) 

Using formulas (2. 4), (2. 5), (2. 24) and (2.25) we can computer [2] in explicit form the 
components of torsions (2.26) for a d-connection of type (2.18) and (2.19): 

rpi rpi j % j i rpi fli rpi /~yi rpi r\ rpa Qd /~ia /~ia 

1 -jk — 1 jk — ^jk ^kji 1 ja — ^.jai 1 aj ~ °jo) 1 .ja ~ U 5 1 .be ~ D .be ~ ^bc °c6) 

SN a 5N a 8N a 

rpa i 3 rpa pa t ja rpa pa in r>o\ 

The curvature R of a d-connection in £ is defined by the equation 
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R (X, Y) Z = XY:R • Z = D X D Y Z - D Y D X Z-D [XX] Z. (2.29) 

One holds the next properties for the h- and v-decompositions of curvature: 

vR (X, Y) hZ = 0, hR (X, Y) vZ = 0, 

R (X, Y) Z = hR (X, Y) hZ + vR (X, Y) vZ. (2.30) 

From (2.29) and the equation R(X, Y) = — R(Y, X) we get that the curvature of a 
d-connection D in £ is completely determined by the following six d-tensor fields: 

Ri jk = d l • R (5 k , 6j) 5 h , R b a jk = 5 a -R (S k , 5 3 ) d b , 

Pf Mc = <f ■ R (d c , d k ) 5j, P h \ c = 5 a • R (d c , d k ) d b , 

Si bc = <f • R (d c , db) 6j, S b a cd = 5 a -R (d d , d c ) d b . (2.31) 

By a direct computation, using (2.4), (2.5), (2.18), (2. 19) and (2.31) we get [2]: 

p.i -hj .hk _|_ rm t i jm t i . rii pa 

jk ~ 8x h bxi hj k hk mj ha jk ' 

a 

.bk i jc ja 





_ 5L % 


p. a 

n b.jk ~ 


5x k 






( dCl ,a 


Qyk 


\ dx k 




fdC% a 


Qya 


\ dx k 



i r c j a j c j a I (~ia pc 

"+" ^.bj^.ck ~ ^.bk^.cj "+" ^.bc^.jki 

p.i ^ ^-jfc / ^ w -i a \ ji r~il r i /^i r c \ , p6 

~~ A,.* fl-r* + ^-Ik^.ja ^.jk^.la ^.ak^.jc + ^ .jb^.ka, 



p.c " ".ftfc j " .6a I re /"»ci r (i /"ic rd /^(c | i /nrc pd 

M>-fca — n „.„ I ^fe " l " ^.dk^.ba ^.bk^.da ^.ak^.bd I ^ .bd r .kai 

Qfn Qfi 

q.i _ U ^.jb WKJ -QC , ^-y/i x-yi 

j - 6c ~~ Ify^ °.jf> U ./ic _ U .jc U hbi 

BC a BC 1a 

b - cd ~ ~dy~ d d~\f ~ ^.fcd^.ec- l^-^J 
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Torsions (2.25) and curvatures (2.29) satisfy corresponding Ricci and Bianchi iden- 
tities (see [2]). We also note that torsions (2.28) and curvatures (2.32) can be computed 
by particular cases of d-connections when d-connections (2.20), (2.22) or (2.24) are used 
instead of (2.18) and (2.19) . 

The components of the Ricci d-tensor 

with respect to locally adapted frame (2.5) are as follows: 

Rij = Ri jk, Ria = ~ Pia = ~Pi.kai 
Rai =1 Pai = Pa.ib' Rab = S'a.bc- (2.33) 

We point out that because, in general, l P a i ^ 2 Pi a the Ricci d-tensor is non symmetric. 

Having defined a d-metric of type (2.12) in S we can introduce the scalar curvature 
of d-connection D: 

*R = G aP R aP = R + S, (2.34) 

where R = g ij Rij and S = h ab S ah . 

For our further considerations it will be also useful to use an alternative way of 
definition torsion (2.25) and curvature (2.29) by using the commutator 

A a/3 = V a V p - V p V a = 2V [a V p] . (2.35) 

For components (2.28) of d-torsion we have 

^afif = Tl^-rf (2-36) 
15 



for every scalar function / on £. Curvature can be introduced as an operator acting 
on arbitrary d-vector V s : 

(A Q/3 - r^V 7 )V* = KapV 1 (2-37) 

(we note that in this work we shall follow conventions of Miron and Anastasiei [2] on 
d-tensors; we can obtain corresponding Penrose and Rindler abstract index formulas 
[12,13] just for a trivial N-connection structure and by changing denotations for com- 
ponents of torsion and curvature in this manner: T 7 ^ — > T af3 7 and R 6 ia p — > R a/ 3 7 S )- 
Here we also note that torsion and curvature of a d-connection on £ satisfy general- 
ized for la-spaces Ricci and Bianchi identities [2] which in terms of components (2.36) 
and (2.37) are written respectively as 

R '\j.a/3] + V [a^./3 7 ] + ^{cc^.^v = ( 2 -38) 

and 

V [«^M/3 7 ] + TS [ap R '\l\.j}5 = °- ( 2 - 39 ) 

Identities (2.38) and (2.39) can be proved similarly as in [12] by taking into account 
that indices play a distinguished character. 

We can also consider a la-generalization of the so-called conformal Weyl tensor (see, 
for instance, [12]) which can be written as a d-tensor in this form: 

^S\ a 6\ } . (2.40) 



(n + m-l)(n + m-2) [a ®' 

This object is conformally invariant on la-spaces provided with d-connection generated 
by d-metric structures. 
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2.3. Field equations for la-gravity 



The Einstein equations and conservation laws on v-bundles provided with N- 
connection structures are studied in detail in [2,16-19]. In [9] we proved that the 
la-gravity can be formulated in a gauge like manner and analyzed the conditions when 
the Einstein la-gravitational field equations are equivalent to a corresponding form 
of Yang-Mills equations. In this subsection we shall write the la-gravitational field 
equations in a form more convenient for theirs equivalent reformulation in la-spinor 
variables. 

We define d-tensor as to satisfy conditions 

- 2$ Q/3 = R aP ]—*Rg a p (2.41) 

n + m 

which is the torsionless part of the Ricci tensor for locally isotropic spaces [12], i.e. 
<fr a 01 = 0. The Einstein equations on la-spaces 

+ Xg a p = KE a/3 , (2.42) 

where 

G a /3 = R a /3 — g R-9a/3 (2.43) 

is the Einstein d-tensor, A and n are correspondingly the cosmological and gravitational 
constants and by E a p is denoted the locally anisotropic energy-momentum d-tensor [2] , 
can be rewritten in equivalent form: 

^ = ~{E aP - -^E; g aP ). (2.44) 

Because la-spaces generally have nonzero torsions we shall add to (2.44) (equiva- 
lent^ to 2.42) a system of algebraic d-field equations with the source S a ^ being the 
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locally anisotropic spin density of matter (if we consider a variant of locally anisotropic 
Einstein-Cartan theory): 

T\, + 25\T% ]5 = «SV (2-45) 

From (2.38 ) and (2.45) one follows the conservation law of locally anisotropic spin 
matter: 

V 7 5' 7 a/ 3 - T s 5l S J afS = Ep a - E a p. 

Finally in this section, we remark that all presented geometric constructions contain 
those elaborated for generalized Lagrange spaces [2] (for which a tangent bundle TM 
is considered instead of a v-bundle £ ). We also note that the Lagrange (Finsler) 
geometry is characterized by a metric of type (2.12) with components parametized 

as 9xj = \Sw ipa = and ^ = 9i *> where £ = £ ( x ,v) ( A = A ( x ,y)) is a 

Lagrangian (Finsler metric) on TM (see details in [1-4]). 

3. Spinor techniques for distinguished vector spaces 

The purpose of this section is to show how a corresponding abstract spinor technique 
entailing notational and calculations advantages can be developed for arbitrary splits 
of dimensions of a d- vector space T = hT © vJ- ', where dim hT = n and dim vT = m. 
For convenience we shall also present some necessary coordinate expressions. 

The problem of a rigorous definition of spinors on la-spaces (la-spinors, d-spinors) 
was posed and solved [7,8] in the framework of the formalism of Clifford and spinor 
structures on v-bundles provided with compatible nonlinear and distinguished connec- 
tions and metric. We introduced d-spinors as corresponding objects of the Clifford 
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d-algebra C (J 7 , G), defined for a d- vector space T in a standard manner (see, for in- 
stance, [20]) and proved that operations with C (J 7 , G) can be reduced to calculations 
for C [hj- ', g) and C (vJ 7 , h) , which are usual Clifford algebras of respective dimensions 
2™ and 2 m (if it is necessary we can use quadratic forms g and h correspondingly 
induced on hj 7 and vT by a metric G (2.12)). Considering the orthogonal subgroup 
0(G) C GL(G) defined by a metric G we can define the d-spinor norm and parametrize 
d-spinors by ordered pairs of elements of Clifford algebras C (hj 7 , g) and C (vJ 7 , h) . We 
emphasize that the splitting of a Clifford d-algebra associated to a v-bundle £ is a 
straightforward consequence of the global decomposition (2.3) defining a N-connection 
structure in £. 

In this section, as a rule, we shall omit proofs which in most cases are mechanical 
but rather tedious. We can apply the methods developed in [11-14] in a straightforward 
manner on h- and v-subbundles in order to verify the correctness of affirmations. 



3.1. Clifford d-algebra, d-spinors and d-twistors 

In order to relate the succeeding constructions with Clifford d-algebras [7,8] we 
consider a la-frame decomposition of the metric (2.12): 



G aP (u) = 11 (u) 1% (u) G~j, 



(3.1) 



where the frame d-vectors and constant metric matrices are distinguished as 



v 



l a Ju) 



1 n N 



a/3 



(3.2) 



h£J 



err? and h-<- are diagonal matrices with or? = = ±1. 

z%j a b ° 3 n aa 
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To generate Clifford d-algebras we start with matrix equations 



(3.3) 







o > 




« Mi = 






> 




V 


Mb j 





where / is the identity matrix, matrices cr~ (cr-objects) act on a d-vector space T = 
hT © vT and theirs components are distinguished as 

y 

(3.4) 

indices /3,y,... refer to spin spaces of type S = S(h) © S( v ) an d underlined Latin indices 
j,k, ... and b, c, ... refer respectively to a h-spin space <S(m and a v-spin space <S(„), which 
are correspondingly associated to a h- and v-decomposition of a v-bundle £(<f). The 
irreducible algebra of matrices a~ of minimal dimension N x N, where N = + AT( m ) , 
dimiS(/ l )=A r ( n ) and dimiS( 1 ,)=A r ( m ), has these dimensions 



(n) 



and 



AT, 



(m) 



2 (m-l)/2 j m = 2/fc + 1 
2 m/2 ; m = 2 A;, 



2 (n-i)/2 ) n = 2 A; + l 
2™/ 2 , n = 2A;; 
where k — 1, 2, ... . 

The Clifford d-algebra is generated by sums on n + 1 elements of form 

AJ + + C$o>~ + + ... 

and sums of m + 1 elements of form 



(3.5) 



lab 



A 2 I + B a a~ + C a W + L>° 6 W + . 



a 6 



abc 



with antisymmetric coefficients C ij ' = C^, = C^, D^ k = D^ k \D abc = D^, ... 



and matrices <r-r> = arv^ , cr-<r 



'V&p^ = V 7 ? ^]' ••• • Reall y> we have 2 ™ +1 coeffi- 



cients (A u C ij , D^ k , ...) and 2 m+1 coefficients (A 2 , C^, D abc , ...) of the Clifford algebra 
on T . 
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For simplicity, in this subsection, we shall present the necessary geometric construc- 
tions only for h-spin spaces «S(m of dimension Nr n \. Considerations for a v-spin space 
«S(„) are similar but with proper characteristics for a dimension N( m y 

In order to define the scalar (spinor) product on S(h) we introduce into consideration 
this finite sum (because of a finite number of elements cr^- ^ ): 

which can be factorized as 

= N^ejJ^e* for n = 2k (3.6) 

and 

= 2JV (n) e &a e«, = forn = 3(mod4), 

W^L = 0, = 2N {n) e^- for n = l(mod4). 

Antisymmetry of cft^ and the construction of the objects (3.5) and (3.6) define 
the properties of e-objects ^ekm and e^m which have an eight-fold periodicity on n 
(see details in [13] and, with respect to la-spaces, [7]). 

For even values of n it is possible the decomposition of every h-spin space Shinto 
irreducible h-spin spaces S^) and S', h ^ (one considers splitting of h-indices, for instance, 
1= L© L',m = M©M', for v-indices we shall write a = A © A 1 , b = B © B', ...) and 
defines new e-objects 

e lm = l ({+) e lm + (-) e lrn\ ^ ^rn = ]_ /(+) £ Zm _(-) (37) 

We shall omit similar formulas for e-objects with lower indices. 
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We can verify, by using expressions (3.6) and straightforward calculations, these 
parametrizations on symmetry properties of e-objects (3.7) 



e lrn 



I e LM = e ML A ( o n \ 



ande^ 







e LM = e ML 



for n = 0(mod8); 





= _ (-) e lm = e mJ j where (+) e M = Q) and 



dm 



= -i(-) e ^ = ^ for n = l(mod8); 



e lrn 



I 0^ 



,L'M 



and 



e LM ' 




— e 



ML 



for n = 2{mod8); 



e lrn = _h+) e !m = _ e nd (-)^m = Q &nd 

2 



gi!2 = _(+) e ki = for n = 3( mot £ 



e lm 



( e LM = _ e ML \ 



and 











e LM = -e ML 



for n = 4(mod8); 



J 





e lrn = _h-) e hn = _ e ml^ (+) £ /m = &nd 



^ = -l(-) e ^ = -g^ for n = 5(mod8); 



e lrn = 



I 0^ 



r L M 



and = 



/ ~lm' = 6 m>l \ 



for n = Q(mod8); 



Irn = I(-) Im = ml wh (+) Im = q d 

2 

= -i(~) e ^ = ^ for n = 7(mod8). 



(3.8) 



Let denote reduced and irreducible h-spinor spaces in a form pointing to the sym- 
metry of spinor inner products in dependence of values n = 8k + I (k — 01, 2, I — 
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1, 2, ...7) of the dimension of the horizontal subbundle (we shall write respectively A and 
o for antisymmetric and symmetric inner products of reduced spinors and <0 = (A, o) 
and <0> = (o, A) for corresponding parametrizations of inner products, in brief i.p., of 
irreducible spinors; properties of scalar products of spinors are defined by e-objects 
(3.8); we shall use O for a general i.p. when the symmetry is not pointed out): 

S (h) (8k) = S S' ; 

«S(/i) (8k + 1) = (i.p. is defined by an ^e-object); 

<S<> = (So, S ), or 

S (h) (8k + 2) = { 

S'o — (S5, S~); 
«S(ft) (8k + 3) = (i.p. is defined by an ^e-object); 

S {h) (8k + 4) = S A ©S' A ; 

<S(h) (8k + 5) = S^ A ■* (i.p. is defined by an ^e-object), 

So = (So, So), or 
S {h) (8k + 6) = { / ] \ 

S'o = (S5, S~); 

S (h) (8k + 7) = Si +) (i.p. is defined by an (+) e-object). (3.9) 

We note that by using corresponding e-objects we can lower and rise indices of reduced 
and irreducible spinors (for n — 2, 6(mod4) we can exclude primed indices, or inversely, 
see details in [11-13,7]). 

The similar v-spinor spaces are denoted by the same symbols as in (3.9) provided 
with a left lower mark "|" and parametrized with respect to the values m = 8k' + I 
(k'=0,l,...; 1=1,2,.. .,7) of the dimension of the vertical subbundle, for example, as 
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S (v) (8k') = S| © S\ ,S (V) (8k + 1) = ... (3.10) 
We use "~"-overlined symbols, 

5 (h ) (8fc) = S © S' ,S (h) (8k + 1) = St\ (3.11) 

and 

<S M (8£/) = S| © S[ ,S {V) (8k' + 1) = S{-\ ... (3.12) 

respectively for the dual to (3.9) and (3.10) spinor spaces. 

The spinor spaces (3.9)-(3.12) are called the prime spinor spaces, in brief p-spinors. 
They are considered as building blocks of distinguished (n,m)-spinor spaces constructed 
in this manner: 

5(oo,oo) = S © S © S| © S| ,iS( 00 ,o| ) = S ffi S © S|q © S| Q , 

<5(oo,| ) = S © S © S| © S| ,<S( | ) — S © S © S| ffi S| Q , 
<S(a,a ) = © S^,S( A , A ) = <Sa^ © ^ia^ 



S(a\°,o) = S a ©5' '©5| <>) 5(a| , <> ) = S A ®S '®Sf>, (3.13) 



Considering the operation of dualization of prime components in (3.13) we can generate 
different isomorphic variants of distinguished (n,m)-spinor spaces. 
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We define a d-spinor space «S( n>m ) as a direct sum of a horizontal and a vertical 
spinor spaces of type (3.9), for instance, 

S(8k,8k>) = S © S' G © S| © Sj , <S(8fc,8fc'+l) = So © S' G © S| ( \ 
»5(8fc+4,8fe'+5) — Sa © S' A © , ... 

The scalar product on a S( n , m ) is induced by (corresponding to fixed values of n and 
m ) e-objects (3.8) considered for h- and v-components. 

Having introduced d-spinors for dimensions (n, m) we can write out the generaliza- 
tion for la-spaces of twistor equations [13] by using the distinguished <r-objects (3.4): 



where 



[3 denotes that we do not consider symmetrization on this index. The general 



solution of (3.14) on the d- vector space T looks like as 

c^ = ^ + u S (<7£)Af, (3.15) 

where Q- and IT 1 are constant d-spinors. For fixed values of dimensions n and m we 
mast analyze the reduced and irreducible components of h- and v-parts of equations 
(3.14) and their solutions (3.15) in order to find the symmetry properties of a d- twistor 
Z a defined as a pair of d-spinors 

Z a = (wa,7rJ), 

where Tip' = it^) G S( n ,m) is a constant dual d-spinor. The problem of definition 
of spinors and twistors on la-spaces was firstly considered in [21] (see also [22,23]) 
in connection with the possibility to extend the equations (3.14) and theirs solutions 
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(3.15), by using nearly autoparallel maps, on curved, locally isotropic or anisotropic, 
spaces. 

3.2. Mutual transforms of d-tensors and d-spinors 

The spinor algebra for spaces of higher dimensions can not be considered as a real 
alternative to the tensor algebra as for locally isotropic spaces of dimensions n = 3,4 
[11-13]. The same holds true for la-spaces and we emphasize that it is not quite 
convenient to perform a spinor calculus for dimensions n,m » 4. Nevertheless, the 
concept of spinors is important for every type of spaces, for instance, we can deeply 
understand the fundamental properties of geometical objects on la-spaces, and we shall 
consider in this subsection some questions concerning transforms of d-tensor objects 
into d-spinor ones. 

3.2.1. Transformation of d-tensors into d-spinors 

In order to pass from d-tensors to d-spinors we must use a-objects (3.4) written in 
reduced or irreduced form (in dependence of fixed values of dimensions n and m ): 

(O*, te)*s Wo* ■••> M AA \ ■-, •••• (3-i6) 

It is obvious that contracting with corresponding er-objects (3.16) we can introduce 
instead of d-tensors indices the d-spinor ones, for instance, 

00=^)^ u AB , = (cf a )AB>^, ....^ (<T%( % 

For d-tensors containing groups of antisymmetric indices there is a more simple proce- 
dure of theirs transforming into d-spinors because the objects 
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can be used for sets of such indices into pairs of d-spinor indices. Let us enumerate some 
properties of a-objects of type (3.17) (for simplicity we consider only h-components 
having q indices i,j,k, ... taking values from 1 to n; the properties of v-components 
can be written in a similar manner with respect to indices a, b,c... taking values from 
1 to m): 

symmetric on k, I for n — 2q = 1,7 (mod 8); 
antisymmetric on k, I for n — 2q = 3, 5 (mod 8] 
for odd values of n, and an object 



(a- is ^ 



(3.18) 



symmetric on /, J (V , J') for n — 2q = (mod 8); 
is <{ )- (3.19) 

antisymmetric on /, J (/', J') for n — 2g = 4 (mod 8 



or 



(^...?) /J ' = ±(^...?) J ' 7 { ' ' (3-20) 



, 7 n + 2q = 6(mod8); 



i.. .j 



n + 2q = 2(mod8), 

with vanishing of the rest of reduced components of the d-tensor (cr> j)— with 
prime/unprime sets of indices. 

3.2.2. Transformation of d-spinors into d-tensors; fundamental d-spinors 

We can transform every d-spinor £- = (^, ^-) into a corresponding d-tensor. For 
simplicity, we consider this construction only for a h-component £- on a h-space being 
of dimension n. The values 
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in is odd) 



(3.21) 



or 

(° r fV^J') (n is even) (3.22) 

with a different number of indices taken together, defines the h-spinor to an ac- 
curacy to the sign. We emphasize that it is necessary to choose only those h-components 
of d-tensors (3.21) (or (3.22)) which are symmetric on pairs of indices aJ3 (or I J (or I' J' 
)) and the number q of indices satisfies the condition (as a respective consequence 
of the properties (3.18) and/or (3.19), (3.20)) 

n - 2? = 0,1, 7 {mod 8). (3.23) 

Of special interest is the case when 

q=-(n±l) (n is odd) (3.24) 

or 

q = —n (n is even) . (3.25) 

If all expressions (3.21) and/or (3.22) are zero for all values of q with the exception of 
one or two ones defined by the condition (3.24) (or (3.25)), the value £ l (or £ J is 
called a fundamental h-spinor. Defining in a similar manner the fundamental v-spinors 
we can introduce fundamental d-spinors as pairs of fundamental h- and v-spinors. 
Here we remark that a h(v)-spinor (£ a ) (we can also consider reduced components) 
is always a fundamental one for n(m) < 7, which is a consequence of (3.23)). 
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Finally, in this section, we note that the geometry of fundamental h- and v-spinors 
is similar to that of usual fundamental spinors (see Appendix to the monograph [13]). 
We omit such details in this paper, but emphasize that constructions with fundamental 
d-spinors, for a la-space, must be adapted to the corresponding global splitting by N- 
connection of the space. 



4. D-spinor differential geometry 

The goal of the section is to formulate the differential geometry of d-spinors on 
la-spaces. 

We shall use denotations of type 

v a = (y\ v a ) e a a = (<t\ a a ) and C~ = (C 1 , C") e <?- = <r a ) 

for, respectively, elements of modules of d-vector and irreduced d-spinor fields (see 
details in [7]). D-tensors and d-spinor tensors (irreduced or reduced) will be interpreted 
as elements of corresponding a -modules, for instance, 

a a iSL 7 <^ 7 j-TI' IV 

1^... e(T ... ^° fi_ ...A JK'N' ea JK'N' )- 

We can establish a correspondence between the la-adapted metric g a p (2.12) and 
d-spinor metric tgji ( e-objects (3.8) for both h- and v-subspaces of S ) of a la-space £ 
by using the relation 

9<# = - N{n) I N{m) (M^M^)^^ (4- 1 ) 

where 
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Mu)Ti = r a (u)(a~y-i, (4.2) 

which is a consequence of formulas (3.1)- (3.4). In brief we can write (4.1) as 

9a/3 = e aia2%l 2 ( 4 - 3 ) 

if the ex-objects are considered as a fixed structure, whereas e-objects are treated as 
caring the metric "dynamics " , on la-space. This variant is used, for instance, in the so- 
called 2-spinor geometry [12,13] and should be preferred if we have to make explicit the 
algebraic symmetry properties of d-spinor objects. An alternative way is to considered 
as fixed the algebraic structure of e-objects and to use variable components of a-objects 
of type (4.2) for developing a variational d-spinor approach to gravitational and matter 
field interactions on la-spaces ( the spinor Ashtekar variables [24] are introduced in this 
manner) . 

We note that a d-spinor metric 

^ €ab j 

on the d-spinor space S = (S(h),<S(v)) can have symmetric or antisymmetric h (v) - 
components e^ (e^) , see e-objects (3.8). For simplicity, in this section (in order to 
avoid cumbersome calculations connected with eight-fold periodicity on dimensions n 
and m of a la-space £ ) we shall develop a general d-spinor formalism only by using 
irreduced spinor spaces S(h) and <S(„) . 



4-1. D-covariant derivation on la-spaces 
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Let S be a la-space. We define the action on a d-spinor of a d-covariant operator 

V a = (V i} V tt ) = K)^V^ 2 = ((^)^ Vlll2 , (<7 a )^V^ 2 ) 

(in brief, we shall write 



as a map 



satisfying conditions 



and 



Y7 p t_ a 



v Q (^+/) = v Q ^+v Q /, 



V a (/^)=/V«^ + ^V a / 

for every 77^ G a- and / being a scalar field on S. It is also required that one holds 
the Leibnitz rule 

and that V a is a real operator, i.e. it commuters with the operation of complex 
conjugation: 



v Q v^... = v a (v^...). 

Let now analyze the question on uniqueness of action on d-spinors of an operator 
V a satisfying necessary conditions . Denoting by V^ 1 - 1 and V Q two such d-covariant 
operators we consider the map 

(V«-V Q ):a^4^ e . (4-4) 
Because the action on a scalar / of both operators and V a must be identical, i.e. 
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V«/ = V«/, (4.5) 
the action (4.4) on f — top!;- must be written as 

(v«-v a )(^) = o. 

In consequence we conclude that there is an element Q Q 0- G cr a a p~ for which 

= + e^ 2 ^ (4-6) 

and 

The action of the operator (4.4) on a d-vector v 13 = v-i-? can be written by using 
formula (4.6) for both indices @ and (3 : 

where 

QP _ ^1^2 _ O if ^2 , O 2l / 4 7 A 

V q 7 — V 2i« 2 lilj — K ^aj 1 «7 2 + Wa Ii °2 2 ' ^ ' 

The d-commutator V[aVp] defines the d-torsion (see (2.35) and (2.36)). So, applying 
operators Vj^V^ and V[ a V/j] on f — up!;- we can write 

1 a(3 1 a(3 ~ V (ia V a 



with Q 1 ^ from (4.7). 

The action of operator on d-spinor tensors of type Xa 1 a a a 3 ..r' 1 ^ 2 "' must be 

constructed by using formula (4.6) for every upper index ft ... and formula (4.7) for 
every lower index qlxQl^QLs,--- ■ 
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4-2. Infeld - van der Waerden coefficients and d- connections 
Let 

be a d-spinor basis. The dual to it basis is denoted as 

X a {? 1 r 2 x N(n) 12 r N(m) \ 

d a _ =( d i ~<\ "-A -0^ -,...,0^ J. 

A d-spinor k- E a - has components k- = K-5 a -. Taking into account that 
we write out the components kX as 

where the coordinate components of the d-spinor connection 7~^g e are defined 

We call the Infeld - van der Waerden d-symbols a set of cr-objects 
parametrized with respect to a coordinate d-spinor basis. Defining 

introducing denotations 

ryl = >yl a (a )^ 
J ar J apr \ u a J 

and using properties (4.8) we can write relations 
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and 

l a ~ V Q up = V a up - tisT a p (4.11) 

for d-covariant derivations V^k- and V« pip. 

We can consider expressions similar to (4.10) and (4.11) for values having both 
types of d-spinor and d-tensor indices, for instance, 

il q 6 S _ 5 - v a e s j = v a e s j - fl 4 v«s + b£t 1 a r 

(we can prove this by a straightforward calculation of the derivation V Q (6> e T 5 S - IJ) 
)• 

Now we shall consider some possible relations between components of d-connections 
T 1 ^ and r 7 aT and derivations of (cr a )^- . According to definitions (2.12) we can write 

£ v 7 (^ + ly^M^v^ + <^v 7 <^), 

where 1% = (o"er) a , from which it follows 

Connecting the last expression on (5 and y_ and using an orthonormalized d-spinor basis 
when = (a consequence from (4.9)) we have 
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where 

r M 7 ^ = ( ff aW^r° # (4.13) 

We also note here that, for instance, for the canonical and Berwald connections, 
Christoffel d-symbols we can express d-spinor connection (4.13) through corresponding 
locally adapted derivations of components of metric and N-connection by introducing 
respectively coefficients (2.22) and (2.20), or (2.23) instead of T a l(5 in (4.13) and than 
in (4.12). 

4-3. D-spinors of la- space curvature and torsion 

The d-tensor indices of the commutator (2.35), A a/3 , can be transformed into d- 
spinor ones: 

□a£ = (<r a/3 WA a/3 = (Dy, □,*), (4.14) 

with h- and v-components 

n n = (° a %&ap and Ogb = (a Q %A a/3 

being symmetric or antisymmetric in dependence of corresponding values of dimensions 
n and m (see eight-fold parametizations (3.18), (3.19) and (3.20)). Considering the 
actions of operator (4.14) on d-spinors 7T^ and /i 7 we introduce the d-spinor curvature 
X s ~ a p as to satisfy equations 

D 3pV l = X i V" ( 4 - 15 ) 
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and 



The gravitational d-spinor ^gj3-y8 is defined by a corresponding symmetrization of d- 
spinor indices: 

^aJ3j8 = X(a\p\25) ■ (4.f6) 

We note that d-spinor tensors X s ~ af} and ^ap-yS are transformed into similar 2-spinor 
objects on locally isotropic spaces [12,13] if we consider vanishing of the N-connection 
structure and a limit to a locally isotropic space. 

Putting Sj - instead of // 7 in (4.15) and using (4.16) we can express respectively 
the curvature and gravitational d-spinors as 

and 

^2^i = ^r'-W^-y) ~- 



The d-spinor torsion T- 1 - 2 ^ is defined similarly as for d-tensors (see (2.36)) by 
using the d-spinor commutator (4.15) and equations 



^J = T ia ^y ia J. (4.17) 

The d-spinor components i? 7 7 ~ 1 ~ 2 a/3 °f the curvature d-tensor i? 7 s a/3 can be 
computed by using relations (4.14), and (4.15) and (4.17) as to satisfy the equations 
(the d-spinor analogous of equations (2.37) ) 

- T 11 - 2 ^2 il2 )V s -^ = R Jil2 S -^^V1^, (4.18) 
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where d- vector V-1-2 is considered as a product of d-spinors, i.e. V-1-2 = v-ifj,-?. We 
find 

(*7 2 fe+^ lz %/3 ^Z^K* 1 - ( 4 - 19 ) 

It is convenient to use this d-spinor expression for the curvature d-tensor 

f? - 1 - 2 f v - 1 I Tilila ) X 5 2 I 

/l 7 1 7 2 «i«2^ 2 ~~ ^ l! °Li<*a£ 1 H 2 + «i«2^ 2 7 li^l J °7 2 

f Y" - 2 4- T Zl - 2 ^2 ^ A £1 

in order to get the d-spinor components of the Ricci d-tensor 

p _ D £l&2 

" n '7 1 7 2 aia 2 rt 7 1 7 2 a&S^ 

v - 1 4- T 1 - 1 - 2 /vii _i_ x -2 i t^-i-2 -,5 2 ('a on") 

Tj ^ia 2 ^i7 2 ~ l ~ aia 2 ^i7 2 ^ T-\L%U I2 ^l^il 2 Qi^l^ ^ T-xLlls, ^ ' ' 

and this d-spinor decomposition of the scalar curvature: 

^p _ — V—l-l —2 _i_ rpZlZ2°Ll <*2 1 

a 1 a 2 _»j §.\QL 2 fe-i l.\—2—\ 

X- 2 - 2 - 1 a S a + T LlL2 a' 2 - 1 g 7~ 2 r r a ■ (4-21) 

—2—2—1 —1 _2 J— ~\_J—'2— '2 

Putting (4.20) and (4.21) into (2.42) and, correspondingly, (2.43) we find the d- 
spinor components of the Einstein and $ a/ 3 d-tensors: 

*H — *H — Y - 1 _i_ -l- 

Lr 7Q - ^7 1 7 2 aia 2 ~ ^ aiO^A^ J "i^iila 7 Zi^li 

7 2 °Li°-2°il 2 1 ai" 2 7 1 o 2 ' ii2l27 2 
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1 _ f^ii £2 ,7^1^ £2 Aii , 

2 £ 7 1 ai £ 7 2 « 2 ^ _^ ^ 2 +J ^ ' Zii2^ + 

and 

^liT^ife 2(n + m) - 2 - 2 -^1 iati 1 iii 2 £i 



^2^1 2l ^2 7 lll 2 £ 2 J 

1 fX - 1 I r J~ ! —\ —2 , 

2 ^ lj «i«2^l7 2 ~ l ~ ai"2^i7 2 ' li^lj ~ l ~ 



Y" - 2 J- 7^-1-2 ^2 1 (A 

7 2 aia 2 ii7 2 ^ "lfe^^ ' lil 2 7 2 J ' l 4: - z *'-V 

The components of the conformal Weyl d-spinor can be computed by putting d- 
spinor values of the curvature (4.19) and Ricci (4.20) d-tensors into corresponding 
expression for the d-tensor (2.40). We omit this calculus in this work. 



5. Field d-tensor and d-spinor equations on la-spaces 

The problem of formulation gravitational and gauge field equations on different 
types of la-spaces is considered, for instance, in [2,4,5] and [9]. In this section we shall 
introduce the basic field equations for gravitational and matter field la-interactions in 
a generalized form for generic la-spaces. 

5.1. Locally anisotropic scalar field interactions 

Let f(u) = (<fi (u) , (f 2 (u) fk ( u )) be a complex k-component scalar field of 
mass fj, on la-space £. The d-covariant generalization of the conformally invariant (in 
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the massless case) scalar field equation [11,12] can be defined by using the d'Alambert 
locally anisotropic operator [25,26] □ = D a D a , where D a is a d-covariant derivation 
on £ satisfying conditions (2.14) and (2.15): 

(° + I^^i)WM^o. (5.1) 

We must change d-covariant derivation D a into °D a = D a + ieA a and take into account 
the d- vector current 

J<°> (u) = i{{Tp (u) D a tp (u) - D a Tp {u))ip («)) 

if interactions between locally anisotropic electromagnetic field ( d-vector potential A a 
), where e is the electromagnetic constant, and charged scalar field ip are considered. 
The equations (5.1) are (locally adapted to the N-connection structure) Euler equations 
for the Lagrangian 



£(0) ( 



u 



^5 a ip (u) 5 p ip (u) - (^i 2 + ^j^ j V iu) ^ (u) 



(5.2) 



where \g\ — detg a p. 

The locally adapted variations of the action with Lagrangian (5.2) on variables 
(p (u) and Tp (u) leads to the locally anisotropic generalization of the energy-momentum 
tensor, 

E ( ^ can) (u) = 5 a Tp (u) 5 P ip (u) + 8 pip (it) 5 a <p (u) -^# a/3 £ (0) (u) , (5.3) 

and a similar variation on the components of a d-metric (2.12) leads to a symmetric 
metric energy-momentum d-tensor, 



E { S («) = E^ n) (u) - 2( ^^_ 2 1} [R^afi) + D ia Dn - g aP D\ Tp («) <p («) . (5.4) 
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Here we note that we can obtain a nonsymmetric energy-momentum d-tensor if we 
firstly vary on G a p and than impose constraints of type (2.10) in order to have a com- 
patibility with the N-connection structure. We also conclude that the existence of a 
N-connection in v-bundle S results in a nonequivalence of energy-momentum d-tensors 
(5.3) and (5.4), nonsymmetry of the Ricci tensor (see (2.33)), nonvanishing of the d- 

< — a/3 

covariant derivation of the Einstein d-tensor (4.23), D a G ^ and, in consequence, 
a corresponding breaking of conservation laws on la-spaces when D a E a/3 ^ [2]. The 
problem of formulation of conservation laws on la-spaces is discussed in details and two 
variants of its solution (by using nearly autoparallel maps and tensor integral formalism 
on la-multispaces) are proposed in [26]. In this work we shall present only straightfor- 
ward generalizations of field equations and necessary formulas for energy-momentum 
d-tensors of matter fields on £ considering that it is naturally that the conservation 
laws (usually being consequences of global, local and/or intrinsic symmetries of the 
fundamental space-time and of the type of field interactions) have to be broken on 
locally anisotropic spaces. 

5.2 Proca equations on la-spaces 

Let consider a d- vector Proca field ip a (u) with mass fi 2 (locally anisotropic Proca 
field ) interacting with exterior la-gravitational field. From the Lagrangian 



(«) = [-\fafi («) («) + *fya («) <f («) 



(5.5) 



where f a p = D a tpp — Dpip a , one follows the Proca equations on la-spaces 



D a f<# («) + /xV (u) = o. 



(5.6) 
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Equations (5.6) are a first type constraints for [3 — 0. Acting with D a on (5.6), for 
fi 7^ we obtain second type constraints 

D a (p a (u) = 0. (5.7) 

Putting (5.7) into (5.6) we obtain second order field equations with respect to ip a : 

□ y? a (u) + R a ^ (u) + n 2 <p a (u) = 0. (5.8) 

The energy-momentum d-tensor and d-vector current following from the (5.5) can be 
written as 

*Q («) = ~9 £T {7 firf a, + JaeUr) + I? + W P <Pa) ~ ^=C W («) ■ 

and 

For fx = the d-tensor / a/ g and the Lagrangian (5.5) are invariant with respect to 
locally anisotropic gauge transforms of type 

ip a (u) -> y? a (u) + 5 Q A (u) , 

where A (it) is a d-differentiable scalar function, and we obtain a locally anisotropic 
variant of Maxwell theory. 

5.3. La-gravitons on la-backgrounds 

Let a massless d-tensor field h a p (u) is interpreted as a small perturbation of the 
locally anisotropic background metric d-field g a p (u) . Considering, for simplicity, a 
torsionless background we have locally anisotropic Fierz-Pauli equations 

41 



Dh aP (u) + 2R raPu (u) h TV (u) = 



(5.9) 



and d-gauge conditions 



D a hUu) = 0, h(u) = h a Ju)=0, 



(5.10) 



where R Ta /3v (u) is curvature d-tensor of the la-background space (these formulae can 
be obtained by using a perturbation formalism with respect to h a p (u) developed in 
[27]; in our case we must take into account the distinguishing of geometrical objects 
and operators on la-spaces). 

We note that we can rewrite d-tensor formulas (5.1)-(5.10) into similar d-spinor 
ones by using formulas (4.1)-(4.3), (4.13), (4.15) and (4.20)-(4.29) (for simplicity, we 
omit these considerations in this paper). 

5.4- Locally anisotropic Dirac equations 

Let denote the Dirac d-spinor field on £ as ip (u) = (ip—(u)) and consider as the 
generalized Lorentz transforms the group of automorphysm of the metric (see the 
la-frame decomposition of d-metric (3.1)). The d-covariant derivation of field ip (u) is 
written as 



where coefficients = [D^j l^J~ generalize for la-spaces the corresponding Ricci 
coefficients on Riemannian spaces [28]. Using cr-objects a a (u) (see (4.2)) we define the 
Dirac equations on la-spaces: 



= [6a + ~ A C^ (u) l a a («) ^ V, 



(5.11) 



(ia a (it) V a -/i)^ = 0, 



(5.12) 
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which are the Euler equations for the Lagrangian 

£^ („) = ^\{[^ (u) a a («) («) - 

(V^ + (u)K ( u ) </, («)] - («) ^ («)}, (5.13) 

where ip + (u) is the complex conjugation and transposition of the column ip (u) . 
From (5.13) we obtain the d- metric energy- momentum d-tensor 

E%™ («) = \ \^ («) <Ta («) V> («) + V> + («) (T/J («) («) " 

(V^ + («))<T/3 («) V> («) " (V^ + 0) V> («)] 

and the d-vector source 

We emphasize that la-interactions with exterior gauge fields can be introduced by 
changing the la-partial derivation from (5.11) in this manner: 

5 a -> S a + ie*B a , (5.14) 

where e* and B a are respectively the constant d-vector potential of la-gauge interactions 
on la-spaces (see [9] and the next subsection). 

5.5. D-spinor equations for Yang-Mills fields on la-spaces 

We consider a v-bundle B E , k b : B — > £, on la-space S. Additionally to d-tensor 
and d-spinor indices we shall use capital Greek letters, $, T, S, ... for fibre (of this 
bundle) indices (see details in [12,13] for the case when the base space of the v-bundle 
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n b is a locally isotropic space-time). Let be, for simplicity, a torsionless, linear 
connection in Be satisfying conditions: 



e 



or - ~? 



V a (x e + u @ ) = Y a X @ + V a u e , 

(/A 6 ) = A 6 ^/ + /V a A e / e r e [or ~ e ], 

where by T e ('5'®) we denote the module of sections of the real (complex) v-bundle 
Be provided with the abstract index 6. The curvature of connection is defined as 

For Yang-Mills fields as a rule one considers that Be is enabled with a unitary 
(complex) structure (complex conjugation changes mutually the upper and lower Greek 
indices). It is useful to introduce instead of K a/3n a Hermitian matrix F a/3n e = i 
K a/3n e connected with components of the Yang-Mills d- vector potential -B qS * accord- 
ing the formula: 

\F ar ^ * = ¥. [a B m *-iB [al *B m A , (5.15) 

where the la-space indices commute with capital Greek indices. The gauge transforms 
are written in the form: 
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where matrices s$ * and q~ ~ are mutually inverse (Hermitian conjugated in the uni- 
tary case). The Yang-Mills equations on torsionless la-spaces [9] are written in this 
form: 

V a F a/30 * = J pe », (5.16) 

V [Q i^ 7]0 H = 0. (5.17) 

We must introduce deformations of connection of type (2.14) and (2.15), — > 
V Q + P a , (the deformation d-tensor P a is induced by the torsion in v-bundle Be) into 
the definition of the curvature of la-gauge fields (5.15) and motion equations (5.16) and 
(5.17) if interactions are modeled on a generic la-space. 

Now we can write out the field equations of the Einstein-Cartan theory in the 
d-spinor form. So, for the Einstein equations (2.42) we have 



with ^ 7i72 a 1 a 2 from (4.22), or, by using the d-tensor (4.23), 



R A, k 

2 



which are the d-spinor equivalent of the equations (2.44). These equations must be 
completed by the algebraic equations (2.45) for the d-torsion and d-spin density with 
d-tensor indices changed into corresponding d-spinor ones. 
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6. Outlook and discussion 

In summary, we have developed the spinor differential geometry of vector bundles 
provided with nonlinear and distinguished connections and metric structures and shown 
in detail the way of formulation the theory of fundamental field (gravitational, gauge 
and spinor) interactions on generic locally anisotropic spaces. 

Let us draw attention to some evidences for the necessity to take into account physi- 
cal effects of possible local anisotropy. The first is that from modern higher dimensional 
field theories being low-energy limits of the string theory. In this case a nonlinear 
connection (2.3) can be considered as a specific field describing the dynamical split- 
ting of the high dimensional space into, for instance, four dimensional space-time and 
the rest of dimensions one. We can impose different type of field equations for com- 
ponents of a N-connection and its curvature in order to modelate different scales of 
local anisotropy at macroscopic or microscopic levels (for instance, in [10] we define 
such equations as some constraints necessary for consistent propagation of strings in a 
background la-space; without the loss of generality we have not imposed in this work 
any restrictions on the type of N-connection structure). Kaluza-Klein models are ob- 
tained for trivial N-connections and by neglecting the dependence on "relic" higher 
dimension y-variables of physical objects on the four dimensional space-time. As a 
second evidence can be considered the well known result that a self-consistent theoret- 
ical description of radiational processes in classical field theories is possible by adding 
high derivation terms. The third evidence for the necessity of investigation of quan- 
tum models on tangent and vector bundles (with both coordinate and momenta type 
variables) is the general problem of the status of singularities and of renormalization in 
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quantum field theory. It is also clear that a careful analysis of physical processes when 
the back reaction of classical and quantum systems interacting or being measured is not 
negligible small, or investigation, for instance, of gravitational radiational dissipation 
in all variants of classical and quantum gravity and quantum field theories with high 
derivatives require extensions of geometrical backgrounds of theories. 

Of course, the interpretation and physical consequences of the N-connection struc- 
ture are different in various models with local anisotropy (models of continuous media 
with dislocations and disclinations, locally anisotropic stochastic processes with tur- 
bulent space-time, curved momentum, or phase spaces, or cosmological models with 
global and local anisotropy). The main advantages of the approach to the geometry of 
la-spaces developed by R. Miron and M. Anastasiei [2] are the generality and admissi- 
bility of a differential and integral calculus adapted to the N-connection structure. We 
emphasize that this way, in locally adapted bases, one holds a lot of geometric similar- 
ities with locally isotropic Einstein- Weyl-Cartan spaces (see for details the mentioned 
monograph and the presented there references and, in brief, the second section of this 
paper). More than that, if the first physical models based on Finsler geometry were 
rather sophisticate, with ambiguities and characterized by tedious calculations, the gen- 
eral modeling of la-spaces as vector bundles provided with compatible N-connection, 
d-connection and metric structures, make it possible to formulate theories of classical 
and quantum field locally anisotropic interactions in a manner very similar to that for 
locally isotropic curved spaces. 

There were two main impediments to the developing of physical theories on la- 
spaces: the problem of formulation of conservation laws on such spaces and the defini- 
tion of la-spinors. It is well known, for instance, that the conservation of the energy- 



47 



momentum values is a consequence of the invariance of the fundamental space-time 
under the action of it global group of automorphysms (for the Minkowski space one 
considers the Poincare group). In general relativity we have only local Lorentz rota- 
tions and in consequence there are nontrivial questions with the definition of energy- 
momentum type values for gravitational field (as attempts to solve this problem one 
introduces pseudo-tensor objects or two metric structures [29], formulates the Einstein 
theory on arbitrary space-times [27], or uses nearly autoparallel maps of curved spaces 
[30]). On generic la-spaces we are not able to introduce groups of automorphysms 
even locally and, at first glance, it is impossible to formulate any type of conservation 
laws and to define spinor objects, i.e., in consequence, we can not propose any general 
principles of formulation physical models with la-interactions in a consequent manner. 
Nevertheless, it was happen that variants of solution of such problems are possible 
by modeling la-spaces on v-bundles (on conservation laws in Lagrange spaces see [18] 
and the paper by Vacaru S and Ostaf S in Ref. [3], as well [19], for generalizations to 
arbitrary la-spaces; the problem of definition of locally anisotropic spinor and twistors 
is studied in [7,8,23, 21]). 

The distinguishing by a N-connection structure of the multidimensional space into 
horizontal and vertical subbundles points out to the necessity to start up the spinor con- 
structions for la-spaces with a study of distinguished Clifford algebras for vector spaces 
split into h- and v-subspaces. The d-spinor objects exhibit a eight-fold periodicity on 
dimensions of the mentioned subspaces. As it was shown in [7,8], see also the section 3 
of this work, a corresponding d-spinor technique can be developed, which is very simi- 
lar to that proposed by Penrose and Rindler [11-13] for locally isotropic curved spaces 
if the locally adapted to the N-connection structures d-spinor and d- vector frames are 
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used. It is clear the d-spinor calculus is more tedious than the 2-spinor one for Einstein 
spaces because of multidimensional and multiconnection character of generic la-spaces. 

The d-spinor differential geometry formulated in the section 4 can be considered as a 
branch of the geometry of Clifford fibrations for v-bundles provided with N-connection, 
d-connection and metric structures (the necessary geometric background can be found 
in [7,20]). We have emphasized only the features containing d-spinor torsions and 
curvatures which are necessary for a d-spinor formulation of la-gravity. To develop 
a conformally invariant d-spinor calculus is possible only for a particular class of la- 
spaces when the Weyl d-tensor (2.40) is defined by the N-connection and d-metric 
structures. In general, we have to extend the class of conformal transforms to that 
of nearly autoparallel maps of la-spaces [19,21,23,31]. This is a matter of our further 
investigations. 

Having fixed compatible N-connection, d-connection and metric structures on a la- 
space S we can develop physical models on this space by using a covariant variational 
d-tensor calculus as on Riemann-Cartan spaces (really there are specific complexities 
because the d-torsion in general is not antisymmetric, the Ricci d-tensor is not symmet- 
ric and the la-frames are nonholonomic). The systems of basic field equations for funda- 
mental matter (scalar, Proca and Dirac) fields and gauge and gravitational fields have 
been introduced in a geometric manner by using d-covariant operators and la-frame 
decompositions of d-metric. These equations and expressions for energy-momentum 
d-tensors and d-vector currents can be established by using the standard variational 
procedure, but correspondingly adapted to the N-connection structure if we work by 
using la-bases. 

Finally, we should note that d-spinor technique developed in this paper can be 
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applied in modern string and superstring theories [10], quantum gravity and cosmol- 
ogy and gauge like approaches to fundamental interactions when the multidimensional 
and/or locally anisotropic, radiational and stochastic processes play an important role 
and have significant physical consequences. 
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